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SEMI -Ai'li'TLJPiL STATUS X3PGRT 

TKE EFFECTS OF SERIES TWFTCATIOI\T ON ES'l'Evib-TES 

AllD THE TRAlTSFGRPiATION OF ERRORS 

I.  Introd-uct i on .  

The purpose of t h i s  r e sea rch  i s  t o  a t t a c k  problems of p r e d i c t i n g  

and measuring t h e  s t a t i s t i c a l  d i s t r i b ~ ~ . ' ~ i o n s  of assembly performances i n  

r e l i a b i l i t y  t e s t i n g  and o the r  engineer ing  des igns  which employ performance 

c h a r a c t e r i s t i c s  of  c o n s t i t u e n t  p a r t s ,  It was proposed t o  a t t a c k  t h i s  

problem by f i r s t  i n v e s t i g a t i n g  t h e  e f f e c t s  of Taylor  s e r i e s  t r tmcat  Ton on 

t h e  e s t ima t ion  o f  para.neters  i n  t h e  expansion of t h e  n lu l t i va r i a t e  f ~ l n c t i o n s  

of i n t e r e s t ;  c o n d i t i o n a l  expec ta t ions ,  Monte Car lo  techniques ,  and s tandard  

e s t ima t ion  p r o c e d ~ w e s  were given a s  p o s s i b i l i t i e s  f o r  t h i s  e s t ima t ion .  

The second o b j e c t i v e  was t o  consid-er t h e  s t a t i s t i c a l  p r o p e r t i e s  r e s u l t i n g  

from t ransformat  i ons  on ~ n u l t i v a r i a t e  func t ions  of random v a r i a b l e s .  

During t h e  performance per iod  o u t l i n e d  by t h i s  r e p o r t ,  implementation 

of  s e v e r a l  procedu-res was begun. This  r e sea rch  has  taken  form i n  parametr ic  

e s t ima t ion  us ing  censored da t a  from a  p a r t i c u l a r  s t a t i s t i c a l  d i s t r i b u t i o n ,  

i n  i~siplementation of a n  advanced Monte Car lo  teclinique, and i n  t h e  cortlputer 

i-mplementation o f  t h e  maxirnum l i k e l i h o o d  procedure f 9r es t ima t ing  t h e  

pararlieters i n  a  g e n e r a l  mixed a n a l y s i s  of var iance  ::!ocle:. ( 0 1 - ~ ~ i i ~ a l l y  proposed 

by Har t l ey  and Rac (1967)) .  In add.itioii t o  t h e s e  attscl.;s on the px,obleiii, 



estirna'r;ioil of rrari.a!~ce co::locnen,s hbs ~ C ; I I ~  a"- - u.si lg  a  teclir~L~1.j.e s in l i l a r  

t o  t h a t  of Gao<j~ian r , ~ , 5 .  I r a r t l e ~ r  (1958). .A nor>  clLetailed and s p s c i f  i c  

explana t ion  of each of t h e  r e s e a ~ c h  pr .oced.~res  c lb~zrent ly  being eclployed 

i s  g iven  i n  Sec t ion  11. 

The procedu-res o u t l i n e d  i n  t h e  previov-s p a r a g r a ~ h  have a l l  pro- 

gressed  s u - f f i c i e n t l y  t o  a l l o w  t e c h n i c a l  r e p o r t s  t o  be issued. s h o r t l y .  

There a r e  however s e v e r a l  o t h e r  a r e a s  of r e sea rch  t h a t  a r e  i n  an  e~nbryonic 

s t a g e  of development, Among t h e s e  . r i l l  be a  thorough and i n t e n s i v e  

i n v e s t i g a t i o n  i n t o  t h e  s t z t i s t i c a l  p r o p e r t i e s  of parameter e s t ima t ion  given 

a  func t ion  of many h i g h l y  c o r r e l a t e d  rand-om v a r i a b l e s .  It i s  d e s i r e d  t o  

f i n d  e i t h ~ r  a n a l y t i c a l l y  o r  by colnputer sil~lu.lation ti le p r o p e r t i e s  of t h e  

e s t ima te s  s ~ ~ b j e c t  t o  s e v e r a l  condi t ions :  

(I) The s p e c i f f c a t i o n  of t h e  j o i n t  n~r~ . l t i .var ia te  d i s t r i b u t i o n  of  

t h e  random v a r i a b l e s  of i n t e r e s t .  

(2) An indica tZon of t h e  type  or" func t ion  of t h e s e  rando:n v a r i a b l e s  

ttihich can be considered t o  g ive  r a t h e r  " ~ i ~ l i d "  e s t ima te s  of t h e  

parameters  of  i n t e r e s t .  

11. CLT-rrent -- Research. 

This  s e c t i o n  w i l l  include b r i e f  a b s t r a c t s  of t he  a r e a s  being c u r r e n t l y  

,JL , , a c t s  ou-t l ine re:eainch a t  such a  s t age  of in~res t iga ted . .  The fu--- abc- i_ '  

d.evel.opmenJi t h a t  regor'is + r i l l  be  i ssued  on each s h o r t l y .  Each a b s t r a c t  

. . w i l l  covtli' a  s p c c i f i e  a r e a  O e ~ n g  ii ivesti .gated, the method PF ai,i,ack bei.11~ 

used,  ancl t h e  r;~el;fl?ci.r:l!in of tklc reseaych teal11 b c i . n ~  e~ilploycc!. Tile abstr,ncts 

a r e  given i n  t h e  ani.,i-i_uc?!cd o r d e r  i n  -:jl-iicil i.h:: -i;ecl~niczl. r e p 1 . t ~  r.;i.l.?. 'uc i~l;l ic.d.  



2.1. Logn.?m;a? Parane'ier Esiiir~a+;ion  fro^ C;;lsorcd Data.  

This  r e sea rch  t o p i c  d-eals with t h e  a spec t s  of' rna:;i~~urn l i k e l i h o o d  

e s t i m a t i o ~  of t h e  t h r e e  pzvameters of a iognoi-ma.1 disi;ri'ou.i;ioi-i_ from 

censored ( type 1 )  d a t a .  The e x i s t i n g  techniques a-re d iscussed:  Har t e r  

and Moore (1966), an  i t e r a t i v e  sche::ie f o r  so lv ing  t h e  s i m u l t e n e o - ~ ~ . ~  

l ike l ihood.  equat,ions; Tiku (1958), a d i r e c t  technique f o r  so lv ing  inociified 

l i k e l i h o o 6  equ-at i ons .  A f u r t h e r  development due t o  S y l e r  (1968) of 

Tilcu's prscedu-re i s  a l s o  considered,  and a new tyge  of e s t i ~ ~ i a t i o n  procedure 

based on a noneon-fex prograin~tiing a lgor i thm i s  o ~ ~ t l i n e d .  A quadra t i c  

scheme f o r  determining t h e  elements of t h e  F i she r  i n f o r m a t i . 0 ~  ma t r ix  i n  

each of t h e  a'oove s i t u -a t ions ,  and hence t h e  covarialice mat r ix ,  i s  presented .  

The smal l  sample b i a s e s  of t h e s e  e s t i n a t e s  a r e  determined,  and Queno i l l e ' s  

method f o r  e l imina t ing  t h e  b i a s e s  is extended t o  t h e  mult i -para~rleter  ca se .  

A Monte Carlo s imula t ion  i s  c a r r i e d  out  i n  which t h e  e x i s t i n g  

. t echniques  a r e  conlpared on t h e  b a s i s  of expected b i a s e s  and var iance-  

covariance n a t r i c e s  f o r  g iven  parametr ic  s i t u a t i o n s .  In  a d d i t i o n ,  a 

s imu la t ion  i s  c a r r i e d  out  i n  which random sanples  a r e  generated from 

t h e  t h r e e  parameter lognormal d i s t r i b u t i o n ,  and t h e s e  parameters a r e  est imated 

us ing  t h e  Hart1.e~-Boclzing convex programming a lgo r  i th i~ l ,  It should be 

noted. t h a t  t h e  l i k e l i h o o d  func t ion  be ing  considered he re  i s  n o t  convex, bu t  

t h e  procedure i s  ca+rried out  i n  an  at tempt  t o  achierrc a reasonable s t a r t i n g  

va lue  f o r  t h e  o t h e r  i t e r a t i v e  procedure,  t o  provide a "measure" of t h e  

non-conve:\:i", of the o b j e c t  i ~ r e  func t  ion, and. t o  provide a contl,as.t t o  3. 

non-conves programminp; algoritlz!n s o l u t i o n  (l-lar.-tl.ey, Geor:;e , 8.11~1 Lai'lic~'c:;e, 



(1969))  ~tihizh ~d~eleil imalenen-ied. on the corc~pu-l;er si,o-t~.ld gi-je 2 reascgable 

estimation techr-ique. B r i e f l y  t h i s  non-co:?rie:: pr5graiinling - -or~czc%ure 

d-epelids on a separabilri . ty of t h e  ob j e c t i v e  fune t ion  i n t ~  i;~lio a d d i t i v e  

func t ions ,  one of r{fnich i s  convex, t h e  other  i;inich i s  non-con~rex. In 

t h i s  method t h e  Iiartley-Hocking convex p-rograrilii~ing a.l.goritl?m i s  appliecl 

t o  opt imizing t h e  convex pa.rt of t h e  ob jec t ive  func t ion  f o r  a cons tan t  

va lue  of t h e  non-convex p o r t i o n .  Tois  i s  done for  each i t e r a t e  on t h e  

non-convex p a r t ,  thu-s provid-ing an "optimal." val.us of t h e  convex p ~ o c e d u r e  

a t  each s t age  of t h e  non-convex procedure.  Thus i f  a n  i t e r a t i v e  procedure 

can be developed so t h a t  t h e  non-convex po r t ion  approaches some optinla1 

p o i n t ,  then  t h e  optii-ilality i s  gu-aranteed f o r  t h e  e n t i r e  ob jecti .ve func t ion .  

This  procedu.re c u r r e n t l y  find-s only  a r e l a t i v e  opt imal  p o i n t ,  tha . t  i s ,  

not  neces sa r i l y  a g l o b a l  opkiimal. Implementa-Lion of t h e  procedure on t h e  

conlputer i s  no t  y e t  complete, hoarever resu- I t s  911 t n e  e x i s t i n g  

techniques  o the r  t han  those  of mathenlatical opt imizat ioi l  ;,?rill be r epor t ed  

and compared both a n a l y t i c a l l y  ancl conlputat ional ly.  

Team members: Dr. W. B .  Smith, C .  D .  Z e i s .  

2.2. Systern R ~ l i a b i l i t y  Simulat ion by S t r a t i f i e d  $Ionte Car la :  

An E l e c t r o n i c s  Example. 

This  r e sea rch  topix d e a l s  w i t h  t h e  problem of s imula t ing  on an  

e l e c t r o n i c  computer t he  expected resu.Lt;s of coir!plcx machineries  which 

have a s  inputs  a l a r g e  n~~mfiber o f  v a r i a b l e  p i eces  or" i.nfo~'~:latioil. Thu.~, 

i n  orsdt.i- t o  pinoi,c.rly i l l u s t r a t e  the a d v a n t a ~ c s  of :;t;i-a l;l f iecl P:icjni.;e Car.10 

over t he  ?~Ioni;e Car1.o sil-i11.1l.ation procedure con~;lonl?; ~ ~ s e c l ,  i,'!l.e reLia.bil . i ty 



of a cc.~;~.~l.erc pi.ecs of e l e c t r o n i -  equipment ( i n  t h i s  case a i jo r t ion  of a  

t e l e v i s i o n  rccc  ivei-.) ~ 2 s  s  ki~s.laiecl. The re8.s 7ns f o r  choosing t h i s  

park iculai-  electro!!i.c device  t o  st~~.d]- a r e  : 

(1) The device  i s  s u f f i c i e n t l y  ccmplicated t o  g ive  a  r e a l i s t i c  

i l l u s t r a i ;  ion; 

(2) t h i s  device  was s t u d i e d  us ing  a  s t rai .ghtforward s tandard  

s  inlulat ion  technique  ( ~ o s i n o f  f  and Jacobs (1963) ) . 
We show by us ing  t h e  modified technique  of sirfi~l-lation t h a t  no t  on ly  

can corlsiderable savi.ngs i n  c o r ~ u t e r  t ime be r e a l i z e d ,  bu t  a l s o  a n  

increased  p r e c i s i o n  of t h e  r e s u l t i n g  e s t ima te s  can be g iven .  It should 

be noted t h a t  t h e  d i s t r i b ~ l - t i o n  a s  w e l l  a s  t h e  parameters of t h i s  comnplex 

func t ion  of random v a r i a b l e s  can  be es t imated .  

The S t r a t i f i e d  ?.!!~nte Car lo  sirnulatiofl technique (~ul r la r to  a,nd 

Ringer (1967)) i s  being extended and irnpleniented i n  t h e  course of t h i s  

r e sea rch .  S t r a t i Z i e d  Monte Car lo  s  i r ~ l ~ ~ l a t i o n  is  based f~ indamenta l ly  on t h e  

same p r i n c i p l e s  a s  s t r a t i f i e d  sampling. That i s ,  i f  we a r e  observing a  

func t ion  of Inany rand-o!n input  v a r i a  t e  s  , a s tandard  procedure of s  i n ~ u l a t  ion 

would be t o  genera.te t h e  e n t i r e  c l ~ x l t i v a r i a t e  randoin da ta  v e c t o r ,  ca lcu- la te  

t he  value of t h e  f m c t i o n  of i n t e r e s t  frorn t h i s  v e c t o r ,  record  i t s  va lue ,  

compare it t o  d e s i z n  s t anda rds ,  and t h e n  r epea t  t h e  pYoced.ure. Thus a - f t e r  

Illany i t e r a t i o n s  of  t h e  proccclure a  empi r i ca l  d i s ' i r ibu t ion  func t ion  wou-ld 

be genera ted .  Tile d i s t i , i b u t i o n  functj.on would esliin?ate t h e  under ly ing  

popi?l.ati.on c l . i s i~r ibut ion  i ~ i c t i . o n  of t h e  random v a r i a b l e  of i n t e r e s t .  The , 



&j.str:i13u'iiorL ~ U L C ! C ~ L C ~ ~ ~ S .  Sirnil-ar s ta te r ren ts  caii be 1:r.ad.e abo11.t t h e  populz t ion  

parameters  a s  ~ s t i r n a t e d .  

S r i e l l y ,  S t r a t i f i e d  bionte C3z.l.o s i m ~ ~ . l a t i o n  i s  a  procedure which 

par t i . t  ions  Tile ranges  of t h e  i npu t  randan v a r i a b l e s  i n t o  equa l  p ro loabi l i ty  

i n t e r v a l s .  Then i n s t e a d  of sai~lgling from t h e  e n t i r e  range of  t h e  input  

rand-om v a r i a b l e  a s  i n  conven1~ional  E.lonte Car lo ,  each conibination of 

sub-ranges f o r  each v a r i a t e  i s  sai!lpled. The p a r t i c u l a r  example conside-red 

has  s i x t e e n  input  v a r i a b l e s ,  t hus  i f  each inpu t  var iab l -es  range was 

d iv ided  i n t o  t ~ r o  e q u a l  p r o b a b i l i t y  sub-ranges,  t h e r e  ~ ~ i o u l d  be 2.16 p o s s i b l e  

e q u a l l y  weighted. pseu-d-o-ran do:^^ salrqles . S p e c i f i c  formu.laJ~ion of t h e  

red-uction i n  v a r i a t e s  and/or c o r ~ u t e r  tiilie a r e  g iven  i n  t h e  forthcorning 

t e c h n i c a l  r e p o r t .  This  r e p o r t  w i l l  inc1ud.e t h e  ex tens ions  t h a t  have been 

made on t h e  S t ra ' z i f ied  Monte Car lo  procedure a s  w e l l  a s  t h i s  p r a c t i c a l  

i l l u s t r a t i o n  of  t h e  procedure.  

Team meriibers: D r .  117. B. Smith, J .  L. Oglesby. 

2.3. Assessment o l  S o ~ r c e s  of V a r i a b i l i t y  by ?~Iaxinlwii Likelihood Es t imat ion :  

A Computer Program. 

Har t  l e y  and Rao (1967) developed rilaxirfi~un lil 'celihood e s t i m a t e s  of  t h e  

parameters i n  a  g e n e r a l  rtlixed a n a l y s i s  of va r i ance  rfiodel; t'ne cu r r en t  

r e sea rch  i ?~~p lemen t s  t h e  procedure and extends it t o  t h e  sssessrnent of 

sou-rces of v a r i a b i l i t y .  A r e p o r t  oil t h i s  r e s e a r c h  w i l l .  be s~ fomi t t ed  a s  

a t e c h n i c a l  r e p o r t  shor ' i ly  and t r i l l  be ~ L I - b l i s h e d  a s  a cllapter i.n a  book , 

edited. by- Ti'. A .  2ancr.si"t t o  be pu~bl i shcd  soon by the Zorra St2t.e l i n i v e r s i t y  

P re s s  i n  hor?i?r of' Gcorge rd. Sned.ecor. 



A gene ra l  mi.xcd y s i s  cf ?iar iance no&el  i l ivol . / i f i~ b o t ; ~  f i:<e?J 

ra.ndorn f a c t o r s  w i t i i  i n t e r a c t i o n  can be given by 

>[here X and U adre mati . ices  of k,flCniiz?_ f i x e d  nuril'uei-s; ci i s  a vector. of ufllmo.;:n 

cons t an t s ,  b i s  a vec'ior of independent varta 'oles from ~ ( 0 ,  a!), and e i s  
1 1 

2 
a v e c t o r  of independent v a r i a b l e s  frorn ~ ( 0 ,  D ) . Rart lejr  and Ra.0 g ive  

s o l ~ ~ t i o n s  t o  t h e  1i.l;elihood equ-ations r e s u l t i n g  from repea ted  samplini; 

on t h i s  model.. These awe t h e  f a m i l i a r  l e a s t  squares  r e s u l t s  

where H i s  t h e  variance-covariance mat r ix  of y and 

Using t h e  method of s t e e p e s t  descent  one ~ r c u l d  then  be ab le  t o  solve t h e  

l i k e l i h o o d  equat ions  Tor Y a s  w e l l .  A fu.11 expla i la t ior~  of t h e  formnu-lation 
i 

i s  g i ~ r e n  i n  t h e  paper by Hart ley  and Rao, hoi,$€ver iriiplementation of t h e  

procedure has j u s t  now been a.ccoi:lplisheci and i s  t h e  sub jec t  of t h e  r e p o r t  

which will appear.  Moreover, t he  proceclurt w i l l  be usecl and extended t o  

t h e  c a l c u l a t i o n  of  t h z  varLance-covariance mat.r ix of  the cornponei~t of 

var iance e s t i m t e s .  This  es'l;ension wi.11 be ca.ri-iecl ou t  usi-nz s t a t i - s t i c a l  

differen-Li.a!-s (ti-unceteci Taylor s e r i e s  e:cparis?ons) . 
Teaiil nzernbers: D r .  K. 0. I iar t ley- ,  Wi.ll.ia~t! V?i:;utiltl. 



Consider the r f i ~ f - ? L  a s  dsscr ibsd.  i n  eq1j.3tion (1) . QY le t ' i i cg  

and. /3 be a  v e c t o r  d e s c r i b  ing t h e  n u l l  hypothes i s ;  then  

Note t h a t  y  i s  di-sti-il?~il:ed. 2s 3 rorilti.vari.ate normal.. d is t :c ibut ion with 

2, 
va . r i ance -cova r i a .m  rr~z..-L?-ix Cr (H). P, con;'idence r eg ion  011 t h e  vec to r  

Y' = (Y l ,  ... Y c )  was girren b y  X a r t l s y  and Bao. 

The i r  procedure i s  nos;. be ing  extenrled t o  i nc lude  one -$ra y c l a s s i f  i c a t i o i i  

mod-els wi th  ra,ndom e f  f - c t  s ,  two-pray c l a s s i f f c a t  ion  rnociels (random 

mixed e f f e c t s )  and b a l m c e d  Zncorriplete des igns  i,.ri%h treatrrlents f  ixed bu.t 

b locks  random. I n  th? b a l a c c r d  ca se s  t h e  r e s u l t s  a r e  i d e n t i c a l  t o  t h e  

a n a l y s i s  of va r i ance ,  however i n  t'ne u.nbalaxced ca se s  t h e  procedure does no t  

always give t h e  saiile - e s u l t s  a s  irl  t h e  ana, lysis  of  va r i ance .  The procedvre 

i s  be ing  comparecl. with t h a t  of Wald (1911-7). 

Tea111 members: En.-. H.  0. Har t l ey ,  and A. Al-Sarha~re.  

111. Continuing and Fl.i.ture Eesearch.  -- -.------- 

The t o p i c s  r.epo~$ec? ox i n  Sectio.is 2 .1 .  am1 2 . 2 .  8 . l . '~  l a r g e l y  coulplete 

\jii;?i t h e  e_u-e_ni;i.nn of apnl.ying ma'~!?e~?-!skical op t in i iza i ion  techil-ciu::s t o  t'ng 

f t~~cj;iol!;:j,! desci-j.licc1 Ln  2 . 1.. 7?1e!l ?,c;sul.i;s of t h i s  app3 icat ii-lil a r e  aria F iab le  

an addii;ir:ila]. i.,ec!inicr_?l. r i l l .  bc stlb!r~liiL,ti~d on the  s~?i?j~cL. Tlie coniell'is 



of t h e  technica l .  i:epor,:. ~o be submitted a s  o u t l i n e d  by Szc t ion  2 .2 .  z r ?  

I-argely corr~glet zd.  

Both S e c t i o ~ ~ s  2 -3. and 2 .&. r ep re sen t  "open end.edt' researc'n t o p i c s .  

That is  t h e  r e s u l t s  t h a t  a r e  o u t l i n e d  i n  Sec t ions  2 .3 .  and 2.4 .  a r e  i n  them- 

s e l ~ r e s  considered suPf i c i e n t l ~  Fmnporta.nt t o  be t e c l ~ n i c a l  r e p o r t s .  HOI%T~VE% 

each t o p i c  i s  of such scope t h a t  f u t u r e  research  > r i l l  be con t i i~ued  on these  

l i n e s  a n d - a d d i t i o n a l  t e c h n i c s 1  r e p o r t s  are  an t ic ipa ted . .  Both t o p i c s  

c o n s t i t u t e  d isser t i " , t ion  t o p i c s  of t h e  ju-nior team raeliibers. 

Add i t i ona l  r e sea rch  t o p i c s  t h a t  w i l l  be considered a l d e r  t h i s  c o n t r a c t  

a r e  : 

(1 )  A stu-dy of t h e  p r o p e r t i e s  of s t a , t i s t i c a , l  differ.entia1.s ( t r u n c a t e d  

Ta,ylor s e r i e s ) ,  

(2) i n v e s t  i.gat Lon i n t o  Bayesian e s t  in12.t ion  procedures i n  an  a t temgt  

t o  achieve  improved e s t  ima.t ion,  

(3) tlie applice,liion of t h e  a.bove r e s u l t s  t o  q u a l i t y  c o n t r o l  problems 

w i t h  maw colu~ponents , 

(4) the  ex tens ion  of d i s t r i b u t i o n  f r e e  t o l e rance  l i m i t s  a,s i n v e s t i g a t e d  

by Eisenhaz t  , Hastay,  and I$ill . is  t o  t he  problems of t ransformat ion  

of e r r o r s .  

The above l i s t  of f u t u r e  r e s e a r c h  t o p i c s  i s  of cotrese not  intended t o  

exhaust a l l  p o s s i b i l i t i e s  of  p o t e n t i a l  -under t h i s  g r a n t ,  b u t  i s  

intended o i ~ l y  t o  iiiclica,te t h e  general ciS.rections i n  t r l~ ich  the  majori i ,y  of 

t h e  r e s c a ~ c i l  i s  headed. Acldit iona, l  researcl? t o p i c s  k r i l l  stern from IQSA 

sources and filcdm cxtei ls icn of c i r i -~ent  rcsea,r.ch. 



sL1.i:missioi.i ~nLj.e'i'. t h i s  ih3.t  t h e  r e s c a r c : ~  c.sntc.,li-1.ed t l .~e,-ein i s  of 

su.f'f i c i e n i  q u s l i t y  t o  be ~ u b f i i i t t ~ d  t o  2.2 ap:!,rjpricite sc i . en t i i ' i c  j ou rna l .  

Each of t h e  f i r s t  foui. t o p i c s  ( ~ t c t i . o n s  2.1.. t o  2 . 4 . )  w i l l  'oe s o  su.'nmitted. 
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